Abstract. Consider Hankel operators H ϕ and H ψ on the unit sphere in C n . If n = 1, then a necessary condition for H * ϕ H ψ to be compact is lim |z|↑1 H ϕ k z H ψ k z = 0. We show that when n ≥ 2, this condition is no longer necessary for H * ϕ H ψ to be compact.
Introduction
Let S denote the unit sphere {z ∈ C n : |z| = 1} in C n . Let σ be the positive, regular Borel measure on S which is invariant under the orthogonal group O(2n), i.e., the group of isometries on C n ∼ = R 2n which fix 0. Furthermore we normalize σ such that σ(S) = 1. The Hardy space H 2 (S) is the norm closure in L 2 (S, dσ) of the collection of polynomials in the complex variables z 1 , ..., z n [3, Section 5.6]. Let P : L 2 (S, dσ) → H 2 (S) be the orthogonal projection. For each ϕ ∈ L ∞ (S, dσ), the Toeplitz operator T ϕ : H 2 (S) → H 2 (S) and the Hankel operator H ϕ : H 2 (S) → L 2 (S, dσ) H 2 (S) are respectively defined by the formulas T ϕ h = P ϕh and H ϕ h = (1 − P )ϕh, h ∈ H 2 (S). As usual, let k z denote the normalized reproducing kernel function for H 2 (S). That is, for each z ∈ C n with |z| < 1, we write
(1 − w, z ) n , |w| ≤ 1. The main motivation for this investigation comes from the following sufficient condition for the compactness of H * ϕ H ψ due to D. Zheng. Theorem 1.1 ([6, Theorem 3] 
Also see the comments on page 22 of [6] . This raises the obvious 
Moreover, for any complex dimension n, if H * ϕ H ϕ is compact, then one trivially has
Given these two facts, and the fact that (1.1) is such a natural-looking condition, one might be tempted to "extrapolate" that the answer to Question 1.2 is affirmative for all n ∈ N. The purpose of this paper is to report that that is not the case. In other words, Theorem 1.3 is actually something of an anomaly; in the case n ≥ 2, ( This result tells us something that is somewhat anti-intuitive: while Theorem 1.1 cannot be improved in the case n = 1, for n ≥ 2 one should try to prove the compactness of H * ϕ H ψ under a condition that is weaker than (1.1)! This leads to the following question for future investigations. For the rest of the paper we assume n ≥ 2.
Two Toeplitz operators
Let Q denote the "first quadrant" of the closed unit ball in R n−1 . In other words,
On the compact set Q we define the measure dµ by the formula
Using the technique described on page 17 of [3] , it is straightforward to verify that
Hence, by the Stone-Weierstrass approximation theorem, we have
We will use the usual multi-index notation [3, page 3] . For each i ∈ Z n + , define
and the function
For the rest of the paper, we set
With this fixed δ, we define the subsets A and B of S as follows:
Proof. (i) Since f ∞ ≤ 1 and the support of f is contained in A, it is an easy consequence of (2.1) that for every i
which is contained in Q. By the definition of δ, Q also contains the set
Also by the definition of δ, if (y 1 , ..., y n−1 ) ∈C, then y
(ii) Since g ∞ ≤ 1 and the support of g is contained in B, it is an easy consequence of (2.1) that for every i = (i 1 , ..., i n−1 , i n ) ∈ Z n + we have
The choice of δ ensures that if (x 1 , ..., x n−1 ) ∈B, then
, and
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Lemma 2.2. For any given > 0, there exist real-valuedf,g ∈ C(Q) with f ∞ ≤ 1 and g ∞ ≤ 1 such that the functions f and g defined by the formulas
the following properties: (α) The support of f is contained in A and the support of g is contained in B.
(
Proof. Given > 0, let N ∈ N be such that 2 n−1 (10/3) −N/4 ≤ . We first show that there is a real-valuedf ∈ C(Q) with f ∞ ≤ 1 such that the function f defined by (2.4) has the following properties:
Since each u i is continuous and since card(F ) < ∞, for the given we can decompose the cubeÃ defined by (2.2) as the union of a finite family of pairwise disjoint subcubes {Ã j : j ∈ J} such that for each j ∈ J and each i ∈ F , we have
Now, for each j ∈ J, it is elementary to construct a real-valued functionf j ∈ C(Q) which has the following properties: (a) The support off j is contained in the interior ofÃ j .
, and the support off is contained inÃ. Hence the support of f is contained in A, verifying (i).
To verify (ii), apply (2.1), (2.5) and (e). For each i ∈ F we have
where a j is any chosen point inÃ j . Combining this with (2.6), we conclude that
To prove (iii), observe that (c) and (d) together give us the estimate
for every c ∈ C. By (2.1) and the fact that x 1 ...
This proves (iii) and complets the construction of f . To constructg, consider the cubeB defined by (2.3). It is elementary that there is a real-valuedg ∈ C(Q) which has the following properties:
(1) The support ofg is contained in the interior ofB. (3) and (4) 
This establishes (α) and (β). 
Möbius transform
For each z ∈ C n with 0 < |z| < 1, define the Möbius transform
Recall that the formula [4, (6. 3)]. Thus we conclude that 
−j , which leads to the conclusion X < ∞. This proves (4.13) and completes the proof of Theorem 1.4.
